We study the noncommutative extensions of certain integrable field theories, namely the sine-and sinh-Gordon (sG and shG) models, and the U (N ) principal chiral model (pcm). We argue that the Moyal deformations of the sG and shG models are not integrable, by looking at tree-level amplitudes where there is particle production. By considering the noncommutative generalization of the zero-curvature method, it is possible to define integrable versions of the noncommutative sG and shG models, which introduce extra constraints. The noncommutative pcm is shown to be integrable and we discuss the existence of non-trivial non-local conserved charges, and the associated noncommutative zero-curvature condition.
Introduction
In this note we are going to summarize the results described in [1] . The presentation will be rather informal and we refer the interested reader to that reference in order to see a more complete discussion.
Noncommutative field theories (ncfts) have attracted a great deal of attention in the past few years due to several reasons. First and foremost, its connection to string theory,
Generalities on Noncommutative Field Theories
We can define a noncommutative deformation of a given model, defined by some local lagrangian, by replacing the products of fields by the Moyal product, also known as the ⋆-product,
Once this has been done, we can deform the whole action and from there, derive the new Feynman rules [8, 9] . The first important point to notice is that quadratic terms in the action are equivalent to non-deformed terms, provided the fields fall fast enough at infinity and that we work in manifolds without boundaries and with trivial topology. This is due to the fact that φ(x) ⋆ η(x) = φ(x)η(x) + ∂ µ T µ (x) for some (nonlocal) operator T µ (x). Therefore the propagator of a ncft is the same as the non-deformed version (θ = 0). The only difference will be in the vertices of the theory. One point that should be made though, is that in most cases the measure of the path integral is taken to be the same for θ = 0 as the one for θ = 0, which amounts to saying that the vacuum of the deformed theory is the same as the one of the non-deformed theory. This can be established perturbatively, but one should be aware of possible complications due to non-perturbative effects. We are going to use a ⋆ subscript to indicate that we are considering Moyal products. For example φ 4 ⋆ = φ ⋆ φ ⋆ φ ⋆ φ. Let us analyze the change in the case of the φ 4 and φ 6 vertices. In momentum space the space-time integral of the Moyal product of a string of fields becomes dxφ n ⋆ = dp 1 dp 2 . . . dp n exp(−
2) We will introduce now the following convention:
In the case of scalar φ 4 vertex, this expression can be simplified by symmetrizing it over the momenta
1 Note a difference of a factor of 1 2 from the usual convention in the literature.
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The φ 6 vertex becomes
Therefore all one needs to do in order to compute anything perturbatively is to replace the vertices of a given Feynman diagram by their noncommutative expressions, like 2.3 and 2.4, and use the same propagators as in the commutative theory.
Integrable Field Theory
An integrable field theory is characterized by an infinite number of conserved charges in involution. This imposes severe constraints in the theory: there is no particle production in scattering processes, the set of in-and out-momenta is the same, the amplitude for nparticle scattering processes can be factorized in terms of two-body processes, introducing the all important two-body S-matrix S 2 . The two-body S-matrix satisfies the Yang-Baxter equation (YBe) as a consequence of integrability. The YBe is trivial for theories where S 2 is a collection of phases, but it is highly non-trivial for theories where S 2 has a non-diagonal structure. This makes integrable field theories more controlled technically, without making them trivial [10, 11] . Aside from their theoretical appeal, they have found applications in a great number of different problems, in statistical mechanics, condensed matter, and high-energy physics, via string theory. Out of the consequences of integrable field theories, we can say that the hallmark of integrability is the non-production of particles in any scattering process. This has to be true to all orders in perturbation theory, which in a loop expansion means that the tree-level amplitudes for particle production must vanish. This encodes the fact that the classical theory is integrable.
The models we are going to study are: sine-Gordon (sG), sinh-Gordon (shG), and principal chiral model (pcm). The sG model is defined by the following lagrangian
The shG model is obtained from the sG model by replacing β → iβ,
Finally, the pcm is defined through the following lagrangian
where g is a group element, of one of the classical groups. Here we are going to consider only the U (N ) group, due to reasons that will become clear later. We only stress the fact that noncommutativity imposes constraints that restrict the existence of certain groups [12] .
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The sG and shG models are related by a simple replacement in the coupling constant, but have very different vacuum structure. In the shG model there is a single minimum, whereas in the sG model there is an infinite degeneracy, implying the existence of solitons. In any case, since the scattering amplitudes are analytical in the coupling constant, we can restrict our attention to the shG model, for simplicity (see [13] for a discussion of the noncommutative sine-Gordon model).
We will consider a simple scattering process of 2 particles going into 4 in the shG model at tree-level, whose amplitude is denoted by M 2→4 . For this computation we can truncate the lagrangian 3.2 at the φ 6 term
There are three classes of diagrams in the computation of M 2→4 , which are depicted in figure 1 . In performing this computation we have to symmetrize the sums over the final momenta and take energy-momentum constraints into consideration. For θ = 0 these graphs add up to 0. This is due to the fact that the shG model is integrable classically. In the deformed theory there is a non-zero contribution at order θ 2 , which means that the amplitude for particle production is non-zero. This means that the naïve Moyal deformation of the shG (and sG) model is non-integrable. This way of defining the noncommutative sG and shG models gives the following equation of motion for the noncommutative sG
with no further constraints.
On the other hand we can define these models through a different route such that the following two requirements are satisfied: 1-as θ → 0 we obtain the usual sG model, and 2-there is an infinite number of conserved charges by construction. We will see that this is possible to be done by generalizing the zero-curvature method to noncommutative spaces.
Noncommutative Zero-Curvature Method
If one manages to cast the equations of motion of a given two-dimensional model in the
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where U and V are matrices depending on the fields and their derivatives, and a spectral parameter λ, and [U, V ] = U V − V U , then it is possible to show that there is an infinite number of conserved charges in this model [14] . When writing the equations of motion in this form, in general the diagonal terms will be the equations of motion and the offdiagonal terms vanish. We can generalize the zero-curvature condition 4.1 by changing the commutator of U and V by their ⋆-commutator
Once the equations of motion have been cast in this form, we can follow the derivation of the existence of an infinite number of conserved charges in the commuting case line by line [1] . The upshot of this discussion is that the operator T λ (x), defined as the solution of
can be used to generate an infinite number of conserved charges. Namely, we can show from the noncommutative zero-curvature condition that ∂ t TrT λ (L) = 0, and by expanding T λ (L) in powers of the spectral parameter, we obtain the sought for conserved charges. We will work in light-cone coordinates now, where x ± = (x 0 ± x 1 )/2. It is possible to write the equation of motion for the shG model as a zero-condition equation, by introducing A andĀ,
where σ ± = 1 2 (σ 1 ± iσ 2 ), σ i are the usual Pauli matrices, and λ is the spectral parameter. It is a simple computation to show that the zero-curvature condition for A andĀ .7) which is exactly the same equation one would obtain from the Moyal deformation of the shG action. There are, though, two more constraints, coming from the off-diagonal elements, ). As θ → 0 the product of fields becomes the usual product and we trivially recover ∂φ. If we take κ = 1, the zero-curvature condition with the gauge potentials becomes precisely the equation of motion proposed by Grisaru and Penati. It is harder to check that the same holds for the constraints. It would be very interesting to establish whether they are the same or not.
Euclidean Solitons
Now that we have the equations of motion for the noncommutative sG model we can try to solve them and see what is the generalization of the solitons in the original theory. The somewhat surprising result is that the 1-soliton solution of the sG model solves the equation of motion and constraints of the noncommutative sG model. This is due to the fact that the ⋆-product of two functions that depend linearly on the space-time variables is the same as their usual product. There are several ways to prove this, for example, consider the
Expanding the exponential, using the chain rule, and the antisymmetry of θ µν we see that all terms but the first vanish. This is true in any dimensions, but we are interested in the two-dimensional case only. Therefore the equation of motion of the noncommutative sG model is the same as the one of the usual sG model. Moreover, from the form of the constraints, replacing the ⋆-products by their usual product, implies the vanishing of these constraints. All this put together means that if a certain field solution depends linearly on the spacetime variables, which is the case for soliton solutions in two-dimensions, then it will also solve the noncommutative equations of motion. This establishes the fact that the 1-soliton solution of the sG mode is also a solution of the noncommutative sG model.
Noncommutative Principal Chiral Model
We have seen an example where the naïve Moyal deformation of an integrable field theory does not provide an integrable field theory. We will see now an example where the Moyal deformation of the action of an integrable field theory provides one, the principal chiral model (pcm) [16] . The action of the pcm is
where g is a groups element, belonging for example to U (N ) or SU (N ), and satisfies
The Moyal deformation of the pcm is given by the action
and the field g is required to satisfy g ⋆ g † = g † ⋆ g = 1. The reason why we should be specific about the group to which g belongs to, is that not all groups allow noncommutative extensions, for example, there is no noncommutative SU (N ). Therefore we will restrict our analysis to the U (N ) pcm. Since the action 6.2 is quadratic and the manifold we are considering is trivial, the actions 3.3 and 6.2 are identical 2 . The only difference between these two models lies in the constraints. We can construct non-trivial non-local conserved charges by following the Brezin-Itzykson-Zinn-Justin-Zuber (BIZZ) method [17] , and we refer to [1] for this discussion. The noncommutative zero-curvature method can be applied to the noncommutative pcm, but this time there are no extra constraints. Consider the potentials
where
Introducing this on the zero-curvature condition 4.1 we obtain
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Contrary to the noncommutative sG model, there are no further constraints in the noncommutative U (N ) pcm.
Conclusions
We have seen that the Moyal deformation of a given 2d integrable model does not necessarily provide a integrable field theory. In the case of the sinh-Gordon model (and by replacing β → iβ, the sine-Gordon model) we were able to establish their non-integrability by computing the amplitude for 2 → 4 particles at the tree-level, and verifying it is nonzero. On the other hand, the noncommutative U (N ) principal chiral model defined through the Moyal deformation of the action and constraints of the U (N ) principal chiral model, does provide an integrable field theory, where the elegant method of Brezin et al [17] works as well as in the commutative case.
The equations of motion we found for the noncommutative sG model initially are different from the ones proposed by Grisaru and Penati in [15] . Upon a change in the definition of the noncommutative version of ∂φ we were able to find the same equation of motion as [15] , but it is not trivial to establish the equality of the constraints.
We showed that the 1-soliton solution of the sine-Gordon model solves the equations of motion and constraints of the noncommutative version. It would be interesting to study the more general multi-soliton solutions.
There are several interesting directions to pursue. Initially, it would be nice to have a more thorough understanding of the conservation laws, verifying for example, that these charges are in involution. Next one could consider the noncommutative versions of different models, such as the affine Toda theories. And last but not least, the investigation of the quantization of these models is a fascinating, if somewhat difficult problem.
